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ABSTRACT
Static and uniformly rotating, cold and hot white dwarfs are investigated both in Newtonian
gravity and general theory of relativity, employing the well-known Chandrasekhar equation
of state. The mass-radius, mass-central density, radius-central density etc relations of stable
white dwarfs with µ = A/Z = 2 and µ = 56/26 (where A is the average atomic weight and
Z is the atomic charge) are constructed for different temperatures. It is shown that near the
maximum mass the mass of hot rotating white dwarfs is slightly less than for cold rotating
white dwarfs, though for static white dwarfs the situation is opposite.
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1 INTRODUCTION
White dwarfs (WDs) are the final products of the evolution of
average and low-mass main sequence stars. They are formed in
the cores of red giant stars. Most of the stellar population will
end up as a white dwarf star. Therefore, WDs are considered to
be the most abundant stellar remnants. The average mass of a
white dwarf is around 0.6 solar mass (M⊙) and radius is roughly
10000 km. Correspondingly, their average density is approximately
106 g/cm3 (Zeldovich & Novikov 1971a; Zel’dovich & Novikov
1971b; Shapiro & Teukolsky 1983).
Unlike neutron stars (NSs), there are only a few equations
of state (EoS) in the literature for WDs: the Chandrasekhar
EoS (Chandrasekhar 1931), the Salpeter EoS (Salpeter 1961),
the Relativistic Feynman-Metropolis-Teller EoS (Rotondo et al.
2011) and other EoS which are more sophisticated and realistic
(Baiko & Yakovlev 2019) . These equations with some modifica-
tions, including finite temperatures, magnetic field etc. are used to
describe the cores of WDs and outer crusts of NSs (Haensel et al.
2007).
The physical properties of WDs have been intensively
studied both in Newtonian gravity (NG) and general relativ-
ity (GR) (Zel’dovich & Novikov 1971b; Shapiro & Teukolsky
1983; Sedrakyan & Chubaryan 1968; Arutyunyan et al. 1971;
Koester & Chanmugam 1990; Boshkayev et al. 2011, 2015;
Carvalho et al. 2018). It has been shown that the effects of GR are
crucial to analyze the stability of WDs close to the Chandrasekhar
mass limit 1.44M⊙ and can be neglected for low mass WDs
(Rotondo et al. 2011).
Here the analyzes performed in Refs. (de Carvalho et al. 2014;
Boshkayev et al. 2016c, 2018) are extended to include the effects of
rigid rotation in WDs employing the Chandrasekhar EoS at finite-
⋆ kuantay.boshkayev@nu.edu.kz, kuantay@mail.ru
temperatures with µ = 2 and µ = 56/26. The mass-radius (M −
R), mass-central density (M − ρ), radius-central density (R − ρ),
mass-angular velocity (M − Ω), radius-angular velocity (R − Ω)
and angular velocity-central density (Ω−R) relations for hot static
and rotating WDs at Keplerian rate are constructed both in NG and
GR for comparison.
The main goal of the paper is to jointly study the effects of
rotation, finite temperatures and GR only, which usually are con-
sidered separately in the literature, without involving the Thomas-
Fermi corrections, Coulomb interactions between electrons and
ions, phase transition etc in the EoS. Though the corrections in
the EoS are important in the accurate theoretical description of
theM − R relations of WDs, for the sake of simplicity the Chan-
drasekhar EoS is used throughout this work.
2 PROBLEM SETUP AND RESULTS
The physical characteristics of rigidly rotating WDs at different
finite temperatures are studied here in the range of radius from
1000 km to 200 000 km. For clarity, the Chandrasekhar EoS is ex-
ploited since it is well-known and widely used to the description of
WDs (Chandrasekhar 1931; Rotondo et al. 2011; Boshkayev et al.
2016c; Chavanis 2019).
The ratio of the atomic number A to the number of protons Z
is usually denoted in the literature as µ = A/Z and all calculations
in this paper are carried out by adopting µ = 2 for helium 42He,
carbon 126 C, oxygen
16
8 O etc and µ = 56/26 ≈ 2.154 for iron
56
26Fe
for comparison.
Helium and iron are the two extreme bounds of chemical ele-
ments in WDs. All the rest elements such as carbon, oxygen, neon,
magnesium etc. are between these two, correspondingly the mass-
radius relations of other elements will be restricted by helium from
c© 0000 The Authors
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above and by iron from below, see Ref. (Rotondo et al. 2011) for
details.
Furthermore, WDs composed of helium were observed and
their formation were analyzed in simulations with different
astrophysical scenarious (Sarna et al. 2001; Liebert et al. 2004;
Benvenuto & De Vito 2005; Istrate et al. 2014). There are also
a plethora of observational data for carbon and other WDs
(Kepler et al. 2015, 2016). The time and thermal evolution of car-
bon WDs has been theoretically investigated involving the nuclear
burning and neutrino emission processes (Becerra et al. 2019). The
observational support of the existence of iron-rich cores of WDs
was given in Ref. (Provencal et al. 1998). The structure and evolu-
tion of iron-core WDs has been studied in Ref. (Panei et al. 2000).
Some simulations demonstrate that the formation mechanism of
WDs with iron-rich cores are different from the WDs composed
of light elements (Jordan et al. 2012).
For the construction ofM−R relations the temperatures of the
WD isothermal cores T = Tc are considered here without taking
into account the atmosphere of WDs. The effective surface temper-
ature Teff , what is usually measured from observations, is roughly
three order of magnitude less than Tc according to the approximate
Koester formula T 4eff/g = 2.05 × 10
−10T 2.56c , where g is the
surface gravity (Koester 1976).
To investigate static WDs in GR the Tolman-Oppenheimer-
Volkoff (TOV) hydrostatic equilibrium equations are solved nu-
merically. To construct rotating WDs the Hartle formalism is ap-
plied both in GR and NG (Hartle 1967; Hartle & Thorne 1968;
Boshkayev et al. 2016b) which generalizes the TOV equations by
the inclusion of rotation. Note, that Ref (Boshkayev et al. 2016b) is
a pedagogical paper explicitly showing the Hartle approach formu-
lated in NG and comparing with other treatments in the literature
in detail. All rotating WDs in NG are calculated at the Keplerian
sequence: ΩKep =
√
GMrot/R3eq , where ΩKep = Ω is the max-
imum angular velocity, Mrot is the total rotating mass, and Req is
the corresponding equatorial radius of WDs. In GR the corrections
to ΩKep owing to the angular momentum (the Lense-Thirring ef-
fect) and quadrupole moment (deformation of a star) are duly taken
into account.
It should be stressed that though the Hartle formalism is de-
signed and valid for slowly rotating stars in the approximation of∼
Ω2 (angular velocity of a star) one can extrapolate it to the Keple-
rianmass shedding limit for qualitative analyses. Indeed, Hartle and
Thorne (Hartle & Thorne 1968) applied the approach for rapidly
rotating stars (from supermassive stars to NSs) to study the effects
of rotation on the structure. The validity and reliability of the for-
malism was tested in Refs. (Berti & Stergioulas 2004; Berti et al.
2005). It was shown that the discrepancies between the Hartle for-
malism and exact computations appear close to the mass shedding
limit. In addition, it has been demonstrated that the so-called Se-
drakyan and Chubaryan formalism (Sedrakyan & Chubaryan 1968;
Arutyunyan et al. 1971), usually applied to the study of rigidly
rotating WDs and NSs, is identical with the Hartle formalism
(Boshkayev et al. 2016a). Therefore, one can safely employ the
Hartle formalism at the mass shedding limit for rough estimates
and qualitative analyses (Glendenning 2000; Stergioulas 2003).
One can also study the effects of differential rotation, contribu-
tion of the atmosphere, diffent temperature profiles ect inside WDs
in analogy with Refs. (Yoshida 2019; Taylor et al. 2020). However,
those issues are out of the scope of the current work.
By solving the structure equations numerically,M−R,M−ρ,
R − ρ,M − Ω, R − Ω and Ω− ρ relations for static and rotating
hot WDs are obtained. The stability of hot rotating WDs has been
analyzed in Refs. (Boshkayev & Quevedo 2018; Boshkayev 2018).
In Fig. 1 theM − R relations are shown at different temperatures
T = [ 0, 4× 107, 108] K depicted with black, red and blue curves,
respectively, for µ = 2 (left panel) and µ = 2.154 (right panel).
All solid curves indicate static WDs and dashed curves correspond
to rotating WDs. It is apparent that the finite-temperature effects
are more prominent for larger in size (low mass) WDs and the
effects of rotation are crucial for smaller in size (massive) WDs.
Nevertheless both the finite temperature and rotation effects con-
tribute to the radius and the mass of WDs. The comparison of these
theoretical curves for µ = 2 with the estimated masses and radii
of WDs from the Sloan Digital Sky Survey Data Release 4 (see
Ref. (Tremblay et al. 2011)) is given in Ref. (Boshkayev 2018).
The behavior of the M − R relations with µ = 2 and µ =
56/26 is similar, though the mass is larger for WDs with µ = 2.
One can see that for a fixed mass within the range of the equatorial
radius Req = (5 × 10
3
− 50 × 103) km of Fig. 1 the higher the
temperature the larger the radii. The same is true for a fixed radius:
the higher the temperature the larger the mass.
Fig. 2 is magnified Fig. 1 (left panel) in the range Req =
(1.1 × 103 − 5 × 103) km. Previously the range near the maxi-
mummass was not analyzed thoroughly, albeit the general behavior
of theM − R relations was known (Boshkayev & Quevedo 2018;
Boshkayev 2018). Within that range for static WDs, the higher tem-
peratures the larger masses. This effect is natural, since due to the
temperature, for a fixed central density, the pressure of partially
degenerate and non-degenerate electrons increases and can sustain
more mass. Instead, for rotating WDs, the higher temperatures the
smaller masses. This effect is counter-intuitive, since one would
expect that the effects observed in static WDs would automatically
translate to rotating WDs. However, this is not the case, at least
in this range of mass and radius. Here, the temperature affects the
radius more than the mass. Hence, the Keplerian angular velocity
is lower for hotter WDs, correspondingly the total rotating mass is
less than for colder WDs.
Fig. 3 shows M − R relations close to the maximum mass
both in NG and GR. As one can see that for the µ = 2 case (left
panel) the role of GR is crucial. Instead GR is negligible for the
µ = 56/26 case (right panel).
In Fig. 4 (left panel) the dependence of the total mass is con-
structed as a function of the angular velocity. It is clear that for a
fixed mass cold WDs rotate faster. However the situation is oppo-
site close to the maximum mass. Right panel of Fig. 4 shows the
dependence of the equatorial radius on the angular velocity. Here
for a fixed radius hot WDs rotate faster and close to the maximum
mass the rotation rate of WDs is almost independent of the temper-
ature.
To better understand the combined effects of rotation and finite
temperatures on WDsM − ρ and R − ρ relations are constructed
in Fig. 5. Left panel of Fig. 5 shows that for a fixed central density
rotating hot WDs in the considered density range will be less mas-
sive than colder ones. On the contrary for a fixed central density the
radius of hot WDs will be always larger than the colder ones (see
Fig. 5 (right panel)).
According to Fig. 6 for a fixed central density colder WDs will
always rotate faster than hotter ones.
In Table 1 the static and rotating masses of WDs are presented
corresponding to µ = 2 with the central density ρc = 10
10 g/cm3
and µ = 56/26 with ρc = 10
9 g/cm3. The values of the critical
central density are chosen in accordance with the inverse β-decay
and pycnonuclear reaction (for carbon WDs) instability densities,
see Ref. (Boshkayev et al. 2013) for details. As one can see that
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Figure 1. Colour online. Mass-radius relations for WDs with µ = 2 (left panel) and for WDs with µ = 2.154 (right panel). In both figures the solid curves
show static and the dashed curves show rotating WDs for different temperatures T=[0, 4×107, 108] K.
Table 1. Static and rotating masses for hot white dwarfs for fixed central densities both in Newtonian gravity and in general relativity. The values of the mass
in general relativity are given in parentheses.
Configurations T = 0 K T = 4× 107 K T = 108 K
M/M⊙ , µ = 2 Static 1.440 (1.426) 1.440 (1.426) 1.440 (1.426)
ρc = 1010 g/cm3 Rotating 1.534 (1.519) 1.532 (1.517) 1.526 (1.511)
M/M⊙ , µ = 56/26 Static 1.180 (1.176) 1.181 (1.177) 1.181 (1.177)
ρc = 109 g/cm3 Rotating 1.284 (1.279) 1.278 (1.273) 1.268 (1.263)
T = 4´107 K
T = 0 K
T = 0 K
T = 108 K
Μ = 2
NG
5.02.0 3.01.51.30
1.35
1.40
1.45
1.50
1.55
Re @103 kmD
M
M
Figure 2. Colour online. Mass-radius relations of WDs close to the maxi-
mum mass.
for static WDs the maximum mass almost does not change with
the increasing temperature (see Fig. 5), instead for rotating white
dwarfs the maximum mass slightly decreases with the increasing
temperature in both µ = 2 and µ = 56/26 cases.
In Table 2 total static and rotating masses are given for a fixed
equatorial radius (3000 km) at different temperatures in µ = 2 case
only. Note that for a static case the equatorial radius reduces to the
static radius. It is again evident that rotating hot WDs will possess
less mass with respect to cold ones, in accordance with Fig. 2. In
µ = 56/26 case this effect is negligible due to the limitation in the
central density caused by the inverse β-decay instability.
3 DISCUSSION AND CONCLUSION
The properties of static and rotating WDs have been investigated
using the Chandrasekhar EoS at finite-temperatures. The structure
equations have been solved numerically to constructM−R,M−ρ,
R − ρ, M − Ω, R − Ω and Ω − ρ relations for hot static and
rotating isothermal cores of WDs. The atmosphere of WDs was not
considered for simplicity.
It has been shown that temperature affects the masses of WDs
at larger radii. At smaller radii the thermal effects are negligible.
Rotation affects the masses of cold WDs in all density range. For
hot WDs the effects of rotation are less noticeable at larger radii
and more noticeable at smaller radii.
TheM − R relations were compared and contrasted for cold
and hot, static and rotating WDs with µ = 2 and µ = 56/26. If
the case with µ = 2 was well studied in the literature, the case
with µ = 56/26 including the effects of both rotation and finite
temperatures is investigated here for the first time. It turned out that
for a fixed mass hot iron WDs are smaller in size, correspondingly
denser with respect to the WDs composed of light elements.
It was found that close to the maximum mass the hotter ro-
tating WDs possess less mass than the colder ones. This is related
to the fact that unlike in the static case where the mass of a WD
is a function of the central density, radius and temperature, in the
rotating case one more variable i.e. angular velocity is involved in
a non-trivial way. Therefore, one observes that within the range
Req = (1× 10
3
− 5 × 103) km hot rotating WDs posses slightly
less mass than the cold ones. To the best knowledge of the author
this result is new.
In addition, to better comprehend the decrease in mass of hot
rotating WDs it was useful to construct M − ρ, R − ρ, M − Ω,
R − Ω and Ω − ρ relations. Since in our case angular velocity is
MNRAS 000, 000–000 (0000)
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Figure 3. Colour online. Mass-radius relations of WDs close to the maximum mass.
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Figure 4.Colour online. Mass-angular velocity relations (left panel) and equatorial radius-angular velocity relations (right panel) ofWDs close to the maximum
mass.
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Figure 5. Colour online. Mass-central density relations (left panel) and equatorial radius-central density relations (right panel) of rotating cold and hot WDs.
Table 2. Static and rotating masses for hot white dwarfs for a fixed radius both in Newtonian gravity and in general relativity. The values of the mass in general
relativity are given in parentheses.
Configurations T = 0 K T = 4× 107 K T = 108 K
M/M⊙, µ = 2 Static 1.329 (1.324) 1.337 (1.332) 1.347 (1.342)
Req = 3× 103 km Rotating 1.495 (1.488) 1.490 (1.483) 1.484 (1.477)
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Figure 6. Colour online. Angular velocity versus central density for rotating
WDs.
an additional degree of freedon its effects to the structure of WDs
along with temperature are not straightforward.
In summary, one can see in Fig. 5 that for hot static WDs the
maximum mass does not change (left panel) with increasing tem-
perature, this is related to the Fermi temperature which is very high
at this density range, instead the corresponding static radius (right
panel) changes: the hotter the WD the larger its radius. Hence, hot-
ter WDs are fluffier than the colder ones. Consequently, larger in
size hot WDs cannot rotate faster than smaller in size cold WDs
with the same central density. If they cannot rotate faster, in order
to fulfill the stability criteria i.e. the central density must not exceed
a certain value; their rotating total mass must be lower than for the
colder WDs.
Furthermore, for the sake of comparison all the computations
have been performed both in NG and GR. As it was expected the
effects appeared in NG are automatically translated into GR. The
contribution of GR to the M − R becomes relevant close to the
maximum mass for µ = 2 cases. As for the µ = 56/26 case the
effects of GR are negligible though are crucial for stability analysis
and the correct estimation of the radius. Therefore the main focus
was given to the µ = 2 case.
In view of the latest observational data on WDs (Kepler et al.
2019; Gentile Fusillo et al. 2019) it would be interesting to ex-
plore WDs, taking into account the Coulomb interactions and
Thomas-Fermi corrections at finite temperatures in the EoS as in
Ref. (de Carvalho et al. 2014; Faussurier 2017; Fantoni 2017), in-
cluding the effects of rotation in the structure equations. That will
be the issue of future studies.
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